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1 Introduction

Everything below, including the notation, is tentative, temporary. The standard
rigid body dynamics is based on the rotation group SO(3). But we will try to
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generalize as much as possible replacing SO(3) by a pseudo-orthogonal group
SO(η) as in relativity, and perhaps, later on, by arbitrary Lie group G. For now
we define our metric using the matrix ηij ,

η = diag(1, 1, 1, ..., 1,−1, ...,−1) (1.1)

of signature (p, q), p ones, q minus ones, p + q = n - the dimension of the
manifold. For q = 0 we have the standard Riemannian case. Instead of the
orthogonal group O(n) we have the pseudo-orthogonal group O(η)

O(η) = {Λ ∈ GL(n) : ΛT ηΛ = η}. (1.2)

For the Lie algebra we have

o(η) = {A : AT η + ηA = 0}. (1.3)

In components we write it as

Aji ηjk + ηijA
j
k = 0, (1.4)

The elements of the matrix η−1 inverse to η we write as ηij . The definition of
the Lie algebra o(η) can be alternatively written as Aη−1 + η−1AT = 0, i.e

o(η) = {A : Aij η
jk + ηijAkj} = 0. (1.5)

For a while all the reasonings take place at just one point of the manifold. We
have in mind a rigid body whose center of mass is at rest at some point in space,
and the body, together with an orthonormal frame attached to it, rotates about
this point. Later on we will add the motion of the center of mass, but for now
we consider it being at rest with respect to some local inertial frame. The frame
attached to the body rotates, and therefore moves along some path in the space
of all orthonormal frames at the same point. When we speak about “frames”
we will mean orthonormal frames with respect to the metric η. Each such frame
u can play a double role. It may represent a laboratory frame at rest in a local
inertial system, but it may also represent an instantaneous position u(τ) of the
frame attached to the body and rotating with respect to the laboratory frame.

Mathematically: we have an n-dimensional vector space V equipped with a
scalar product (v, w) of signature (p, q). An orthonormal frame u, consists of n
vectors ui ∈ V , such that

(ui, uj) = ηij . (1.6)

When V is the space tangent to the manifold M at some point p, we usually have
a local coordinate system xµ and the corresponding basis of vectors ∂µ, tangent
to the coordinate lines (not necessarily orthogonal). We denote ηµν = (∂µ, ∂ν).
The vectors ui of the frame u have then components uµi , therefore ui = uµi ∂µ,
and we have

ηµν u
µ
i u

ν
j = ηij . (1.7)

2



Remark 1.1. In fact, instead of the group O(η) we should take its connected
component of the identity SO0(η), and instead of the set of all orthonormal
frames, one of the connected homogeneous spaces for this group SO0(η). Part
of all these consideration can be probably generalized to an arbitrary principal
bundle with the structure Lie group G

Let x ∈ Rn, x = (xi) denote the vector describing the position of a fixed
point of the rigid body, with respect to the frame u(τ) attached to the body
and rotating with it. With respect to some frame u representing the laboratory
frame, its position will be represented by a variable vector x(τ) ∈ Rn. The body
is rotating and the rotation is represented by the rotation matrix q(τ)

x(τ) = q(τ)x, xi(τ) = qij(τ)xj . (1.8)

Since the coordinates xi and xi(τ) represent the same point, only with re-
spect to two different frames, we have:

xi(τ)ui = xiui(τ), (1.9)

therefore
ui(τ) = ujq

j
i(τ). (1.10)

The “square of the velocity vector” ẋ(τ), representing the velocity of the point
x of the body, with respect to the inertial reference system is given by

ẋ(τ)2 = (ẋ(τ), ẋ(τ)) = ηij ẋ
i(τ)ẋj(τ) = ηij q̇

i
k(τ)q̇jl(τ)xkxl, (1.11)

where the dot denotes the derivative with respect to τ . Let µ(x) be the measure
describing the distribution of mass density within the body. Then the energy
functional of the whole rotating body is given by the integral

KE(τ) =
1

2

∫
ẋ(τ)2dµ(x) =

1

2

∫
ηij q̇

i
k(τ)q̇jl(τ)xkxl dµ(x). (1.12)

Denoting

Jkl =

∫
xkxl dµ(x), (1.13)

we have

KE(τ) =
1

2
ηij q̇

i
k(τ) q̇jl(τ) Jkl. (1.14)

The symmetric tensor Jkl is “attached” to the frame rotating with the body.
It is called the “inertia tensor” of the body and it characterizes its inertial
properties that are responsible for its rotational motion. For instance initiating
rotation about a certain axis of the body may be “easier” than about another
axis. Also kinetic energy of rotation with respect to one of its axes can be larger
than the kinetic energy of rotation with respect to another axis.

We can now write Eq. (1.14) as

KE(τ) =
1

2
tr(q̇T η q̇J). (1.15)
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Since q(τ) satisfy the Eq. (1.2), we can replace in Eq. (1.15) η with q−1T ηq−1

and write Eq. (1.15) as

KE(τ) =
1

2
tr((q−1q̇)T η (q−1q̇)J). (1.16)

Now q−1q̇ is in the Lie algebra of the group, and we can interpret Eq. (1.16)
in terms of a scalar product on the Lie algebra. Indeed, given any symmetric
non-singular matrix J ij the formula

〈Ω1,Ω2〉 = tr(ΩT1 ηΩ2 J) (1.17)

defines a non-degenerate symmetric scalar product on the Lie algebra of GL(n).
We need it only on the Lie algebra so(η), where, for J = η−1, it has the property
of being Ad-invariant, but in general it defines a particular scalar product on
so(η).

Remark 1.2. The symmetry of the scalar product follows from the properties
of the trace, even without assuming that Ω1,Ω2 are in so(η)

〈Ω2,Ω1〉 = tr(ΩT2 ηΩ1 J) = tr
(
(ΩT2 ηΩ1 J)T

)
= tr(JΩT1 ηΩ2)

= tr(ΩT1 ηΩ2J) = 〈Ω1,Ω2〉. (1.18)

For Ω1,Ω2 ∈ so(η) we can use the property that ΩT1 η = −ηΩ1 and write Eq.
(1.17) as

〈Ω1,Ω2〉 = −tr(Ω1Ω2Jη), (1.19)

which for J = η−1 reduces to −tr(Ω1Ω2), evidently Ad-invariant.

Remark 1.3. For n = 3 the Lie algebra so(η) is 3-dimensional, therefore there
is a 6-parameter family of scalar products, thus in this case the above formula
describes every scalar product on the Lie algebra. But for n > 3 there are other
scalar products on so(η) that are not of the form (1.17). There may be some
physical sense in this observation, to be discovered later on.

2 The vertical metric

We have arrived at the following general situation. We have an n-dimensional
manifold M , and we have a principal bundle P with base M and with the
structure Lie group G ⊂ GL(n), acting on P from the right, and with the Lie
algebra g. We also have a nondegenerate bilinear form 〈·, ·〉 on g. Every element
A ∈ g defines the fundamental vector field A∗ on P defined by

A∗(u) =
d

dτ
(u exp (τA)) |τ=0, u ∈ P. (2.1)

The fundamental fields allow us to identify every vertical tangent space (the
part of the tangent space at u consisting of vectors tangent to the fibers) with
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g. Using this identification we now endow the vertical tangent spaces with scalar
product, transferring the bilinear form 〈·, ·〉 to the fibers of P. We have:

〈A∗(u), B∗(u)〉u = 〈A,B〉, (A,B ∈ g, u ∈ P ). (2.2)

Of course the group G acts on itself from the right as well, so the form
〈·, ·〉 defines pseudo-Riemannian metric on G. By definition this metric is left-
invariant, since left-fundamental vector fields commute with right-fundamental
vector fields. Each fiber of P is isomorphic to G, though there is no a “canonical”
isomorphism. We can identify a given fiber with G only after choosing a point
on the fiber that is to be identified with the identity of the group.

Let u(τ) be a path in a fixed fiber of P. We can represent it as u(τ) = uq(τ),
for a fixed u and q(τ) ∈ G. The tangent vector u̇(τ) at τ can be then identified
with the element q(τ)−1q̇(τ) of the Lie algebra g. Its square 〈u̇(τ), u̇(τ)〉u(τ) is
then given by the expression

〈u̇(τ), u̇(τ)〉u(τ) = 〈q(τ)−1q̇(τ), q(τ)−1q̇(τ)〉 (2.3)

as in Eq. (1.16) of Section 1 for the kinetic energy of the free rotating rigid body.
In physics the kinetic energy serves as the Lagrangian from which equations of
motion follow by the variational principle. On the other hand in differential
geometry geodesics of the Levi-Civita connection of a metric can be derived by
from the variational principle involving integral of the square of the length of
the tangent vector. Therefore vertical geodesics of our metric correspond to
generalized motions of a free rotating body. The inertia properties of the body
are being coded in the bilinear form of the Lie algebra that defines the vertical
metric on P.

2.1 Vertical geodesics

The derivation below is probably not an optimal one and can be made more
elegant and simplified.

With the notation as above let γ be a geodesic curve for the Levi-Civita
connection of the vertical metric 〈·, ·〉 induced by a left-invariant metric on G.
Fixing one element u on γ we have γ(τ) = ua(τ), where τ 7→ a(τ) is a curve in
G. The map Lu : a 7→ ua is an isometry from G endowed with its left-invariant
metric to the fiber endowed with the induced metric. Therefore τ 7→ a(τ) is a
geodesic of (G, 〈·, ·〉). We will find differential equations describing this geodesic.

Lemma 2.1. Let γ(τ) be a vertical curve. Write γ(τ) = ua(τ) where a(τ) ∈ G.
Then

γ̇(τ) = Ω(τ)∗(γ(τ)), (2.4)

where
Ω(τ) = a(τ)−1ȧ(τ) ∈ g. (2.5)

Proof. More or less evident.....?
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Let ξi be a basis in g and let ξ∗i be the corresponding basis of left-invariant
vector fields on G. Let us write ȧ(τ) = Ω̇i(τ) ξ∗i .1 According to the definition
of geodesics, the coefficients Ω̇i satisfy differential equations:2

dΩ̇k

dτ
+ ΓkijΩ̇

iΩ̇j = 0, (2.6)

where Γijk are the Christoffel symbols of the Levi-Civita connection defined by

∇ξ∗i ξ
∗
j = Γkji ξ

∗
k. (2.7)

2.1.1 The calculation of connection coefficients

Here we will derive the formula for the connection coefficients of the Levi-Civita
connection of a left-invariant metric. The Levi-Civita connection has zero tor-
sion. Torsion of a connection is defined by

T (X,Y ) = ∇XY −∇YX − [X,Y ], (2.8)

for any vector fields X,Y . For the Levi-Civita connection we thus have

∇XY −∇YX = [X,Y ]. (2.9)

Since the connection preserves the metric, we also have the identity

X(〈Y,Z〉) = 〈∇XY,Z〉+ 〈Y,∇XZ〉. (2.10)

If the metric is left-invariant, and if Y, Z are left-invariant, then 〈Y,Z〉 is a
constant function, and so

〈∇XY,Z〉+ 〈Y,∇XZ〉 = 0. (2.11)

Therefore, in our case, if X,Y, Z are left-invariant then Eqs. (2.9) and (2.11)
are satisfied. We can now calculate 〈∇XY,Z〉 as follows:

〈∇XY,Z〉 = −〈Y,∇XZ〉 = −〈Y,∇ZX〉 − 〈Y, [X,Z]〉
= 〈∇ZY,X〉+ 〈[Z,X], Y 〉
= −〈∇Y Z,X〉+ 〈[Z, Y ], X〉+ 〈[Z,X], Y 〉
= 〈∇YX,Z〉+ 〈[Z, Y ], X〉+ 〈[Z,X], Y 〉
= −〈∇XY,Z〉 − 〈[Y,X], Z〉+ 〈[Z, Y ], X〉+ 〈[Z,X], Y 〉

Therefore we get3

〈∇XY,Z〉 =
1

2
(〈[X,Y ], Z〉+ 〈[Z,X], Y 〉 − 〈[Y, Z], X〉) . (2.12)

1We have Ω̇i(τ) ξi = a(τ)−1ȧ(τ).
2This formula is usually written in a coordinate basis, but it is also true in a non-holonomic

basis.
3This formula can be found in Ref. [1, Eq. 5.3].
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We take now the scalar product of both sides of Eq. (2.7) with ξl and use Eq.
(2.12) setting X = ξi, Y = ξj , Z = ξl:

Γkji〈ξk, ξl〉 =
1

2
(〈[ξi, ξj ], ξl〉 − 〈[ξj , ξl], ξi〉+ 〈[ξl, ξi], ξj〉) . (2.13)

In order to use this formula for the geodesic equation (2.6) we contract both
sides with Ω̇iΩ̇j . Because of the symmetry the first term on the right-hand-side
of Eq. (2.13), containing the commutator [ξiξj ] vanishes, while the two other
terms give the same contribution. We obtain

Γkij〈ξk, ξl〉Ω̇iΩ̇j = 〈[ξl, ξi], ξj〉Ω̇iΩ̇j = 〈[ξl, ȧ], ȧ〉 = −〈[ȧ, ξl], ȧ〉. (2.14)

Consider now the three-linear expression 〈[X,Y ], Z〉, X,Y, Z ∈ g. Since it is
linear in Y , and since the scalar product is nondegenerate, there exists a unique
element B(X,Z) ∈ g such that

〈[X,Y ], Z〉 = 〈B(Z,X), Y 〉 (2.15)

for all Y ∈ g. Since the left-hand-side is bilinear in X,Z, it follows that there
exists a unique bilinear map B : g × g → g such that Eq. (2.15) holds for all
X,Y, Z ∈ g. Therefore

Γkij〈ξk, ξl〉Ω̇iΩ̇j = 〈B(ȧ, ȧ), ξl〉. (2.16)

Using now Eq. (2.6) we obtain

〈dȧ
dτ
, ξ∗l 〉 = 〈B(ȧ, ȧ), ξ∗l 〉. (2.17)

and therefore4
dȧ

dτ
= B(ȧ, ȧ). (2.18)

2.1.2 The special case of a rigid body

We return to the case of the group G = SO(η). Later on in this section we
will specialize to the case G = SO(3). The scalar product on g is given by Eq.
(1.19):

〈Ω1,Ω2〉 = −tr(JηΩ1Ω2), Ω1,Ω2 ∈ so(η). (2.19)

We can rewrite this formula introducing the following operator I : so(η) →
so(η):

I(Ω) =
1

2
(JηΩ + ΩJη). (2.20)

We have
〈Ω1,Ω2〉 = −tr (I(Ω1)Ω2) . (2.21)

4Although we have used a somewhat different method, our formula coincides with the
formula in [2, p. 327 Theorem 5], and with Eq. (20) in Ref. [3].
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Let first check that I indeed maps so(η) into so(η). Assuming ηΩ + ΩT η = 0
we have that

η(JηΩ+ΩJη)+(ΩT ηJ+ηJΩT )η = ηJ(ηΩ+ΩT η)+(ηΩ+ΩT η)ηJ = 0. (2.22)

The formula (2.21) follows immediately from them property of the trace and
from the symmetry of the scalar product 〈·, ·〉.

The operator I is evidently symmetric with respect to the Ad-invariant
scalar product defined by the trace:

tr(I(X)Y ) = tr(XI(Y )). (2.23)

It is called the “inertia operator”. For J = η−1, the case of the bi-invariant
metric, we have that I is the identity operator.

We can now express the bilinear map B : so(η) × so(η) → so(η) defined in
Eq. (2.15) in terms of the operator I.

Lemma 2.2. For X,Y, Z ∈ so(η) we have

B(Z,X) = I−1([I(Z), X]). (2.24)

Proof. For all X,Y, Z in so(η) we have

〈B(Z,X), Y 〉 = 〈Z, [X,Y ]〉 = −tr(I(Z)[X,Y ])

= − (tr(I(Z)XY )− tr(I(Z)Y X)) = −tr(I(Z), X], Y )

= −tr(I(I−1[I(Z), X])Y ) = 〈I−1[I(Z), X], Y 〉)

We now specialize to the case of G = SO(3). Let ξi, (i = 1, 2, 3) be the
standard basis with commutators

[ξi, ξj ] = εijkξk. (2.25)

We assume that the operator I is diagonal in this basis, with eigenvalues Ii:

I ξi = Ii ξi. (2.26)

We consider ξi to be the basis of left-invariant vector fields on SO(3). Given a
geodesic on SO(3) we use Eq. (2.18). Let us write

ȧ = Ω̇iξ. (2.27)

We then have
Ω̇iξi = I−1[I[Ω̇jξj , Ω̇

kξk], (2.28)

or
Ω̇iI(ξi) = Ω̇jΩ̇k[I(ξj), ξk], (2.29)
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i.e.
IiΩ̇

iξi = Ω̇jΩ̇kεijkIjξi. (2.30)

Thus, for example

I1Ω̇1 = ε123I2Ω̇2Ω̇3 + ε132I3Ω̇3Ω̇2 = (I2 − I3)Ω̇2Ω̇3. (2.31)

These are the standard Euler equation for a rigid body with moments of inertia
I1, I2, I3.

2.1.3 Relativistic “rigid body”

Here we consider a simple example with the group O(3, 1). With notation of
Sec. (1) we assume that η = diag(1, 1, 1,−1) and that the “inertia tensor”
defined in Eq. (1.13) is diagonal and of the form

J = diag(1, 1, 1, 0), (2.32)

which happens if the measure µ is concentrated on a 3-dimensional hypersurface
(zero extension in time).

We consider the following six generators in the Lie algebra so(3, 1):

M1 =

[
0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

]
, M2 =

[
0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0

]
, M3 =

[
0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

]
, (2.33)

N1 =

[
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

]
, N2 =

[
0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

]
, N3 =

[
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

]
. (2.34)

Together they form a basis ξi of the Lie algebra:

ξ1 = M1, ξ2 = M2,ξ3 = M3, ξ4 = N1, ξ5 = N2, ξ6 = N3. (2.35)

The operator I defined by Eq. (2.20) is then also diagonal in the basis ξi. A
straightforward calculation yields

I = diag((J2 + J3)/2, (J1 + J3)/2, (J1 + J2)/2, J1, J2, J3). (2.36)

Setting
I1 = (J2 + J3)/2, I2 = (J1 + J3)/2, I3 = (J1 + J2)/2, (2.37)

we find that

J1 = −I1 + I2 + I3, J2 = I1 − I2 + I3, J3 = I1 + I2 − I3, , (2.38)

and then I takes the form:

I = diag(I1, I2, I3, (−I1 + I2 + I3)/2, (I1 − I2 + I3)/2, (I1 + I2 − I3)/2). (2.39)

Ω = Ω1M1 + Ω2M2 + Ω3M3 + w1N1 + w2N2 + w3N3, (2.40)
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or

Ω =


0 −Ω3 Ω2 w1

Ω3 0 −Ω1 w2

−Ω2 Ω1 0 w3

w1 w2 w3 0

 . (2.41)

In analogy to the form of the electromagnetic field tensor we may call Ωi mag-
netic, and wi electric angular velocities. The Ωi describe rotations, wi describe
relativistic boosts. It is now easy to calculate the operator B and to get the
relativistic analog of the Euler equations. For the four dimensional angular
velocity we set:

I1Ω̇1 = (I2 − I3)(Ω2Ω3 + w2w3), (2.42)

I2Ω̇2 = (I3 − I1)(Ω1Ω3 + w3w1), (2.43)

I3Ω̇3 = (I1 − I2)(Ω1Ω2 + w1w2), (2.44)

ẇ1 = Ω2w3 − Ω3w2 (2.45)

ẇ2 = Ω3w1 − Ω1w3 (2.46)

ẇ3 = Ω1w2 − Ω2w1. (2.47)

If all wi = 0, we get the standard Euler equations for a three-dimensional rigid
body. Otherwise we get relativistic corrections to the standard Euler equations.
At present it is not clear what kind of a generalized relativistic force can cause
the extra terms with wi to arise.

2.2 Killing fields and conserved quantities

We return to the general situation as described at the beginning of this section,
i.e. P is a principal bundle over M with structure group G and 〈·, ·〉 is the
metric on the fibers of P induced by a left-invariant metric G defined by a
nondegenerate bilinear form, denoted also 〈·, ·〉 on the Lie algebra g of G.

While the group G acts from the right on the fibers of P , there is no natural
left action of G on the fibers of P . What corresponds to the left-action of G on
itself are vertical automorphisms of P. When restricted to a fiber Px such an
automorphism is a diffeomorphism φ : Px → Px that commutes with the right
action of G

φ(ua) = φ(u)a, u ∈ Px, a ∈ G. (2.48)

If we fix u0 ∈ Px we can identify Px with G using the map Lu0
: a 7→ u0a. After

such an identification φ can be realized by left translation a uniquely defined
element aφ ∈ G defined by Lu0(aφ) = φ(u0).

Vertical automorphisms of a given fiber Px form a group isomorphic to G.
Their generators form a Lie algebra of vector fields isomorphic to the Lie algebra
of G. By the very definition a left-invariant metric on the group is invariant
under left translations. Therefore the induced metric on Px is invariant under
vertical automorphisms. Generators of the automorphisms are Killing vector
fields for the metric.
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2.2.1 Killing fields and geodesics

A vector field X on a Riemannian manifold with metric g is called a Killing
vector field if the Lie derivative of the metric with respect to X vanishes

£Xg = 0. (2.49)

In coordinates (xµ) Eq. (2.49) is equivalent to

∇µXν +∇νXµ = 0, (2.50)

where ∇µ denotes the covariant derivative with respect to the Levi-Civita con-
nection of g, and Xµ = gµνX

ν .

Lemma 2.3. Let γ(τ) be a geodesic with tangent vector γ̇ = Uµ∂ν . Then for
every Killing vector field X the scalar product between the tangent vector γ̇ and
X is constant along γ:

Uµ∇ν gαβ UαXβ = 0. (2.51)

Proof. Indeed, we have

Uµ∇ν gαβ UαXβ = gαβ(Uµ∇µUα)Xβ + gαβ U
α∇µXβUµ. (2.52)

The first term vanishes because of the geodesic equation Uµ∇µ Uα = 90, while
the second term vanishes because of Killing equation (2.50):

gαβ U
α∇µXβUµ =

1

2
UαUµ(∇µXα +∇αXµ). (2.53)

Corresponding to the representation Ad of G on g we have the associated
bundle K = P ×Ad g. The elements of a fibre Kx of K are functions X̃ : Px → g
that have the following equivariance property:

X̃(ua) = Ad(a)−1(X̃(u)). (2.54)

2.2.2 The associated Ad-bundle

The vertical automorphisms of P form a group isomorphic to G, thus the gen-
erators of the vertical automorphisms, form a Lie algebra isomorphic to g. Here
we will identify them with elements of the vector bundle associated to P via the
representation Ad of G on g.

Let ξi be a basis in g. The adjoint representation Ad of G on g has a matrix
representation a 7→ R(a)ji defined by 5

aξia
−1 = ξj R(a)ji. (2.55)

5For matrix Lie groups Ad(a)ξ = aξa−1 and sometimes we will use this notation.
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With each X̃ ∈ Kx we can associate vertical vector field X defined by:

X(u) = (X̃(u))∗u. (2.56)

It is then easy to see that the vector field X defined by Eq. (2.56) is invariant
under right action of G (2.54) and therefore is a Killing vector field. Indeed, we
have

X(ua) = X̃(ua)∗ua = duRu(Ad(a)(X̃(ua))∗u = duRuX̃(u)∗u = duRaX(u).
(2.57)

We can therefore identify vertical Killing vectors at Px with elements in Kx

of the associated bundle K.

2.2.3 Conserved angular momentum as a vector in the coadjoint
associated bundle

We have seen that given a geodesic γ, its tangent vector γ̇ has a constant scalar
product withe every Killing vector field X. Let Xi ∈ Kx be a basis of Killing
vector fields, then the scalar products

λi = 〈γ̇(τ), Xi(γ(τ)〉 (2.58)

are constants. We denote by K∗ the dual vector bundle. There is a unique
element, we denote it by M∈ K∗

x such that

M(Xi) = λi. (2.59)

We call M the angular momentum associate to the geodesic γ. Evidently K∗

can be identified with the bundle associated to the coadjoint representation of
G on the dual g∗ of g

2.2.4 Derivation of geodesic equation from the conservation of an-
gular momentum

With the notation as above, let τ 7→ γ(τ) be a geodesic of the metric 〈·, ·〉, and
let X be a Killing field. We know that 〈γ̇(τ), X(γ(t)〉 is constant, therefore

d

dτ
〈γ̇(τ), X(γ(τ)〉γ(τ) = 0. (2.60)

Let us fix an arbitrary u and write γ(τ) = ua(τ). Using Lemma 2.1 let us write

γ̇(τ) = Ω(τ)∗(γ(τ)), (2.61)

where
Ω(τ) = a(τ)−1ȧ(τ) ∈ g. (2.62)

On the other hand, using Eq. (2.56) we write

X(γ(τ)) = (X̃(γ(τ)))∗(γ(τ)). (2.63)
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We are now able to use Eq. (2.2) to reduce the scalar product in Eq. (2.60) to
an expression with the Lie algebra g as follows

d

dτ
〈Ω(τ), X̃(ua(τ)〉 =

d

dτ
〈Ω(τ),Ad(a(τ))−1X̃(u)〉 = 0 (2.64)

We need to calculate the derivative explicitely. The calculation (roughly) goes
as follows. From a−1a = e we find that

d

dτ
a−1 = −a−1ȧa = −Ωa. (2.65)

Let ξ be any element in g, then,

d

dτ
a−1ξa = −Ωa−1ξa+ a−1aa−1ȧ = −[Ω, a−1ξa]. (2.66)

Therefore
d

dτ
Ad(a(τ))−1X̃(u) = −[Ω,Ad(a(τ)−1)X̃(u)]. (2.67)

From Eq. (2.64) we now obtain

〈Ω̇(τ),Ad(a(τ))−1X̃(u)〉 = 〈Ω, [Ω,Ad(a(τ)−1)X̃(u)]〉. (2.68)

Using Eq. (2.15) we rewrite the right hand side as

〈Ω, [Ω,Ad(a(τ)−1)X̃(u)]〉 = 〈B(Ω,Ω),Ad(a(τ))−1X̃(u)〉. (2.69)

Since X̃(u), and, therefore also Ad(a(τ))−1X̃(u), can be arbitrary, we obtain

d

dτ
Ω̇ = B(Ω,Ω) (2.70)

in agreement with Eq. (2.18).

3 Levi-Civita connection on the principal bun-
dle

We assume that P is a principal bundle with base M and structure group G,
endowed with a connection defined by the connection form ω.6 Later on we
will specialize to the case when P is the bundle of orthonormal frames on a
Riemannian manifold, and the connection is an affine metric connection. But
for now everything is assumed to be more general than that particular case.
The calculations involved are the same.

We also assume that the group G is endowed with a left invariant metric
determined by a nondegenerate bilinear form k(A,B), (A,B ∈ g. Then k deter-
mines the metric (denoted by the same letter k) in the fibres of P by

k(A∗, B∗) = k(A,B), (3.1)

6Cf. Sec. 4.2.
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Where A∗, B∗ are the fundamental fields determined by A,B ∈ g.7

Let us also assume that the base manifold M is endowed with a semi-
Riemannian metric g and the corresponding Levi-Civita connection Γijk. Since
we will denote by the same letter Γ the Levi-Civita connection that we will con-
struct on the bundle manifold P, we may distinguish the Christoffel symbols of
the connection on M by an additional subscript M , that is we will write ΓM

i
jk.

With these data we construct the metric h on the bundle manifold P by
requiring that horizontal and vertical vectors are orthogonal. The vertical metric
is the metric k, the horizontal one can be considered as being the pullback of
the metric from M. Explicitely:

h(X,Y ) = g(dπ(X), dπ(Y )) + k(ω(X), ω(Y )). (3.2)

This construction of the metric on the bundle space is the same as in Kaluza-
Klein theories, where the bundle metric unifies the gauge field described by the
bundle connection ω with gravitation described by the metric g on M. However
there is one subtle difference. In Kaluza-Klein theories one typically assumes
that the metric h on the bundle space should be invariant under the right
action of the group G. Here our metric does not have this property, except for
the particular case where the bilinear form k on g is bi-invariant.

3.1 The orthonormal frame

Let ei be an orthonormal frame on M with commutators

[ej , ek] = fM
i
jkei, (3.3)

and the Levi-Civita connection (Γ)M
i
jk defined by

∇eiej = (Γ)M
k
ji ek. (3.4)

Since ei is orthonormal, we have gij = g(ei, ej) = ηij = const. Assuming that
torsion is zero, from Eq. (4.31) we have

(ΓM )ijk =
1

2
((fM )kij + (fM )ikj − (fM )jki) . (3.5)

We denote by Ei the horizontal lifts of ei:

Ei = λei. (3.6)

By the definition of the bundle metric h we have

h(Ei, Ej) = ηij . (3.7)

Let eα be a basis in g. The commutators of the basic vectors define structure
constants of the Lie algebra

[eα, eβ ] = cγαβ eγ . (3.8)

7In principle we could assume that k can change from one fiber to another, i.e. to be a
function on M . But here we will assume that k is constant.
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We set
Eα = e∗α. (3.9)

We have
[Eα, Eβ ] = cγαβ Eγ , (3.10)

and
h(Eα, Eβ) = const.

Then the collection {Ei, Eα} forms a basis in P (for the metric h). Let fABC
be the structure functions of this basis:

[EA, EB ] = fABC EC , (A,B,C = {i, α}). (3.11)

Using Eqs. (4.55),(4.43),(3.10) we get

f ijk = fM
i
jk (3.12)

fαjk = −Ωαjk (3.13)

fAαi = fAiα = 0 (3.14)

fαβγ = cαβγ . (3.15)

3.2 The Levi-Civita connection coefficients

It is now straightforward to use Eq. (4.31) to obtain the following non-zero
Levi-Civita connection coefficients ΓABC :

Γijk = ΓM
i
jk, (3.16)

Γαij =
1

2
Ωαij , (3.17)

Γijα = −1

2
gilkαβ Ωβlj , (3.18)

Γiαj = −1

2
gilkαβ Ωβlj , (3.19)

Γρβγ =
1

2
kρα (cγαβ + cαγβ − cβγα) (3.20)

These formulas agree with those in [7, Lemma 9.3.8, p. 137] and in [6, 4.5.1, p.
103].

3.3 The geodesics

Let γ(τ) be a geodesic relative to the bundle metric described above, and let γ̇
denote its tangent vector. Then, using the connection coefficients (3.16)-(3.20)
and general geodesic equations

dγ̇A

dτ
+ ΓABC γ̇

Aγ̇B = 0 (3.21)
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we obtain the following geodesic equations on P

dγ̇α

dτ
+ Γαβγ γ̇

β γ̇γ = 0, (3.22)

dγ̇i

dτ
+ ΓM

i
jk γ̇

iγ̇k − gilgαβ Ωβlj γ̇
j γ̇α = 0, (3.23)

The term (1/2)Ωαij γ̇
i ˙gammaj , which should be included in (3.22), vanishes

because of the antisymmetry of Ωαij with respect to the lower indices (i, j). If
the metric on g is bi-invariant, then Γαβγ is antisymmetric in the lower indices
(βγ) and the second term in (3.22) vanishes. Thus γ̇α = const. This is the
standard situation in a Kaluza-Klein theory as described in [7, Theorem 10.1.5,
p. 144], and it corresponds to charge conservation. Here such a situation would
correspond to a “spherically symmetric rotator” - an exceptional case.

Notice that vertical geodesics satisfy the equation described in Sec. 2.1, and
that horizontal lifts of geodesics on M are geodesics on P (that corresponds
to the case γ̇α = 0.) But there are also geodesics where there is a nontrivial
coupling between vertical and horizontal motions.

3.4 Geodesics - The “energy functional”

In Riemannian geometry geodesics can be derived as extremals of the action
functional (sometimes called “energy functional”)

S(γ) =
1

2

∫ b

a

‖dγ
dt

(t)‖2 dt =
1

2

∫ b

a

gij(x(γ(t)) ẋi(t)ẋj(t) dt. (3.24)

They are then automatically parametrized by a parameter proportional to the
arc length - see e.g. [8, Ch. 1.1.4, p. 21] We will now derive an explicit
formula for S(γ) using our induced metric (3.2) on P. For this we need a local
coordinate system on P . Let xµ be a local coordinate system on the base
manifold M , and let σ : M → P be a local cross-section of P. If u is a point
in P , with π(u) = x ∈ M , then there exists a unique element g(u) ∈ G such
that u = σ(x)g(u). Thus we have a local trivialization of P . The points u in P
are (locally) uniquely parametrized by (xµ, g) ∈ Rn × G. We will not need to
specify explicitely coordinates on G. Instead we will use a notation appropriate
for matrix groups, where coordinates are provided by matrix elements.

Let now γ(t) be a path in P . In coordinates γ is described by functions
xµ(t), g(t). The tangent vector to γ will be described ẋµ, dotg. In G we will
identify the tangent vector ġ(t) at g(t) with the Lie algebra element g(t)−1ġ(t).
For instance, if eα is a basis in g, we can interpret eα either as tangent vectors
at e ∈ G, or as left-invariant vector fields having these values at the identity.
It can be somewhat confusing, but it is convenient. Similarly, by an abuse of
notation, we will write ∂µ for vector fields tangent to coordinate lines xµ on
M , but we will also use the same notation for vector fields on P tangent to the
coordinate lines xµ in our parametrization (xµ, g). In particular on the section
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σ vector fields ∂µ are tangent to the section, and beyond this section they are
obtained by the right action of G on P.

We can now decompose the tangent vector γ̇:

γ̇ = ẋµ∂µ + ξα e∗α, (3.25)

where ∂µ are the vector fields on P defined above, and e∗α are the fundamental
vector fields on P generated by the basis eα in g. In fact ẋµ are the same as those
resulting from the decomposition of the projected path π(γ(t)) with respect to
the basis ∂µ on M . Another way of writing the same is

γ̇ = ẋµ∂µ + (g−1ġ)∗. (3.26)

In order to find the explicit formula for the functional S(γ)

S(γ) =
1

2

∫ b

a

h(γ̇(t), γ̇(t))dt, (3.27)

where h is given by Eq. (3.2), we need to decompose γ̇ into horizontal and
vertical parts. Thus we write

γ̇ = ẋµ λ(∂µ) + ξ̄α e∗α, (3.28)

where λ(∂µ) are the horizontal lifts of ∂µ from M to P , and ξ̄α are unknown
coefficients that need to be calculated. The coefficients in front of λ(∂µ) are the
same as in (3.25) because ∂µ and λ(∂µ), both on P , have the same projection
on M. We can apply now the connection form ω to both sides of the identity

ẋµ∂µ + ξα e∗α = ẋµ λ(∂µ) + ξ̄α e∗α, (3.29)

taking into account that ω vanishes on horizontal vectors λ(∂µ), and that
ω(e∗α) = eα. Using the notation

ω(∂µ) = ωαµ eα, (3.30)

we obtain
ξ̄α = ξα + ẋµωαµ (σ(x)g). (3.31)

Here ωαµ is taken at the point on σ(x)g on γ. Using the equivariant proterty of
the connection form we have

ωαµ (σ(x)g) = (g−1ωµ(σ(x))g)α. (3.32)

One usually writes ωµ(x) instead of ωµ(σ(x)) having in mind that ωµ(x) is the
pullback of the connection form via the section σ. We can now apply (3.2) to
obtain

h(γ̇(t), γ̇(t)) = gµν ẋ
µẋν + kαβ

(
ξα + (g−1ω(ẋ)g)α

) (
ξβ + (g−1ω(ẋ)g)β

)
. (3.33)
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We will now specialize to the case of the pseudo-orthogonal group G =
SO(η), as discussed in Sec. 2.1.2. The scalar product in g is in that case given
by (see Eq. (1.17). We rewrite it here as:

k(Ω1,Ω2) = tr(ηΩ1JΩT2 ), (Ω1,Ω2 ∈ g), (3.34)

where Jrs is a nonsingular symmetric matrix (usually defining inertial properties
of the spinning body). The vertical part of the tangent vector γ̇, which is given
by ξ̄αe∗α (cf. (3.31) can be then written as

ξ̄αe∗α = (S−1(Ṡ + ω(ẋ)S)∗, (3.35)

where we are using the letter S to denote the matrix representing the element
g of the group G = SO(η). Using now the fact that ηS−1 = ST η and the cyclic
property of the trace we can rewrite k(ω, ω) as

k(Ω,Ω) = tr(η(Ṡ + ω(ẋ)S)J(Ṡ + ω(ẋ)S)T ). (3.36)

This formula agrees with the one postulated by J. Natario [9, Definition 2.1, p.
190]8

4 Appendix

4.1 Affine connection

To give an affine connection on a manifold M is to define an operator ∇ as-
signing, for every p ∈ M , to every vector X at p ∈ M and every vector field Y
defined in a neighborhood of p, a vector ∇XY at p with the following properties:

(i) ∇XY is linear in X and in Y , in particular

∇fXY = f∇XY, (4.1)

(ii) We have the Leibnitz rule w.r. to Y :

∇XfY = X(f)Y + f∇XY, (4.2)

for every (local) function f . If ei is a local basis of tangent vectors, one defines
the coefficients Γijk of the connection with respect to the basis as

∇k ej = Γijk ei, (4.3)

where ∇k = ∇ek .
In coordinates we have:

8The notation used in [9] may be confusing. He is using the symbol ∇ċ not as the covariant
derivative along a vector field tangent to the curve c(t) on the base manifold. The definition
of this symbol is, in fact, given only at the bottom of the page, in the proof the theorem - [10]
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(∇iX)j = ∂iX
j + ΓjkiX

k, (4.4)

and on the left hand side we usually skip the parenthesis and simply write as
∇iXj .

For covariant tensors one defines

∇iXj = ∂iXj − ΓkjiXk, (4.5)

∇iXjk = ∂iXjk − ΓljiXlk − ΓlkiXjl, (4.6)

etc.
The torsion T of a connection assigns to every pair of vector fields X,Y a

vector field T (X,Y ) defined as

T (X,Y ) = ∇XY −∇YX − [X,Y ], (4.7)

where [X,Y ] is the Lie bracket (commutator) of X and Y . It follows easily from
the definition that T (fX, gY ) = fgT (X,Y ) for any local functions f, g. We say
that T (X,Y ) is function linear in X and in Y.

For a local frame ei the torsion tensor is represented by the coefficients T ijk

T (ej , ek) = T ijk ei, (4.8)

and we have
T ijk = −(Γijk − Γikj)− f ijk, (4.9)

where f ijk are structure constants of the frame defined by

[ei, ek] = f ijk ei. (4.10)

Notice that T kij and fkij are antisymmetric with respect to the two lower indices:

T ijk = −T ikj , f ijk = −f ikj . (4.11)

In a coordinate basis, eµ = ∂
∂xµ , the commutators vanish, and we have simply

Tσµν = −(Γσµν − Γσνµ). (4.12)

The curvature tensor R(X,Y ) is defined by the formula

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z. (4.13)

It is function linear in X,Y and Z. In local coordinates xµ it is given by the
formula

R (eµ, eν) eκ = Rσκµν eσ, (4.14)

where
Rσκµν = ∂µΓσκν − ∂νΓσκµ + ΓσρµΓρκν − ΓσρνΓρκµ. (4.15)
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4.1.1 Metric connection

Let us assume that the manifold is endowed with a metric. We thus have a
symmetric tensor gij with inverse gij . In other words there is a nondegenerate
scalar product (X,Y ) defined for tangent vectors X,Y . The scalar product need
not be positive definite. We say that M is a Riemannian manifold (if the scalar
product is not positive definite one often says that we have a pseudo-Riemannian
or semi-Riemannian manifold). Using the notation as above, we have

gij = (ei, ej). (4.16)

We now assume that M is also endowed with affine connection which is metric
compatible (or simply metric), i.e.

∇igjk = 0. (4.17)

Using Eq. (4.6) gives us the condition

∂igjk = Γlji glk + Γlki gjl. (4.18)

It is convenient to introduce connection coefficients Γijk defined as

Γijk = gil Γ
l
jk, Γijk = gil Γljk. (4.19)

The metric compatibility condition reads then:

Γkji + Γjki = ∂igjk.. (4.20)

From Eqs. (4.20) and (4.9) we can now express the connection coefficients in
terms of metric derivatives ∂igjk, torsion coefficients T ijk and structure constants

of the frame f ijk. It is convenient to introduce fijk and Tijk with all three lower

indices9

fijk = gilf
l
jk, f ljk = gilfljk

Tijk = gilT
l
jk, T ijk = gilTljk. (4.21)

Then Eq. (4.9) can be written as

Γijk − Γikj = (Tikj + fikj). (4.22)

We now combine three Eqs. (4.20) with permuted indices as follows:

(Γijk + Γjik) (4.23)

+ (Γkij + Γikj) (4.24)

− (Γjki + Γkji) (4.25)

= ∂kgij + ∂jgki − ∂igjk. (4.26)

9We choose the convention to lower and to rise the first index of Γ, f , and T .
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We combine the second term of the first line with the first term of the third line
using Eq. (4.22)

Γjik − Γjki = Tjki + fjki. (4.27)

Similarly we combine the first term of the second line with the second term of
the third line:

Γkij − Γkji = Tkji + fkji. (4.28)

Finally we write the second term of the second line as

Γikj = Γijk + Tijk + fijk. (4.29)

Combining all terms the result reads:10

Γijk =
1

2
(∂kgij + ∂jgki − ∂igjk)

+
1

2
(Tkij + Tikj − Tjki)

+
1

2
(fkij + fikj − fjki) (4.30)

We recall that we are using the notation

∂igjk = ei(gjk) = eµi ∂µ gjk,

where eµi are the components of the vector ei in the coordinate basis ∂
∂xµ . For

the Levi-Civita connection the torsion coefficients Tijk are all zero. In an or-
thonormal frame ei the metric components gij are constant, therefore all ∂igjk
are zero. Thus for the Levi-Civita connection coefficients in an orthonormal
frame we get simply:

Γijk =
1

2
(fkij + fikj − fjki) (4.31)

On the other hand in a coordinate basis the coefficients fijk are all zero.

4.2 Connections on principal bundles

Let P (M,G) be a principal fibre bundle with base manifold M , structure group
and projection π : P → M. The group G is assumed to be a matrix Lie group,
and it acts on P from the right, acting transitively and freely on each fibre. We
denote by Ra the right translation

Ra : u 7→ ua, (u ∈ P, a ∈ G). (4.32)

Its derivative dRa acts on tangent vectors mapping every vector X ∈ TuP to a
tangent vector dRgX ∈ TuaP.

Let g be the Lie algebra of G and for every A ∈ g let A∗ be the fundamental
vector field on P . For fundamental fields we have

[A∗, B∗] = [A,B]∗. (4.33)

10The term Kijk = 1
2

(
Tkij + Tikj − Tjki

)
is a tensor and it is antisymmetric in i, j indices.

The tensor Ki
jk = gilKljk is often called contorsion, or, alternatively, contortion.
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4.2.1 The connection form

A connection on P is defined by a 1-form ω on P with values in the Lie algebra
g, having the following two properties

(i)
ω(A∗) = A (4.34)

for every A ∈ g

(ii)
ω(dRg(X)) = Ad(a−1)(ω(X)) (4.35)

for every X ∈ Tu(P ), u ∈ P .11

The form ω is called the connection form. Tangent vectors in the kernel of ω
are called horizontal. At each point u ∈ P we have the horizontal subspace
Hu ⊂ Tu(P ) defined by the formula

Hu = {X ∈ Tu(P ) : ω(X) = 0}. (4.36)

Vectors tangent to the fibers are called vertical. For every u ∈ P the space Vu of
vertical vectors is spanned by the fundamental vectors A∗(u), A ∈ g. We have

Tu(P ) = Vu ⊕Hu. (4.37)

For every X ∈ Tu(P ) we have, owing to Eq. (4.34), that H(X) defined by

H(X) = X − ω(X)∗ (4.38)

is in Hu. We call H(X) the horizontal projection of X. We denote by V (X) the
vertical projection of X:

X = V (X) +H(X), (X ∈ T (P )). (4.39)

. For every vector field X on P we now have

ω(X)∗ = V (X). (4.40)

For each u ∈ P , dπ restricts to an isomorphism between Hu ⊂ Tu(P ) and
Tπ(u)(M).12 For each X ∈ Tπ(u)(M) there is a unique horizontal vector, denoted
λX, in Tu(P ) that projects onto X: dπ(λX) = X. We call λX the horizontal
lift of X. If X is a vector field on M , then λX is a horizontal vector field on
P. In general the commutator of two horizontal vector fields is not a horizontal
vector field. However we have:

Proposition 4.1.
H([λX, λY ]) = λ[X,Y ]. (4.41)

11For a matrix Lie group we have Ad(a−1)(ω(X)) = a−1ω(X) a.
12The second volume of the two-volume monograph by Greub et al [4] may serve as a

standard reference here. Another good reference is Kobayashi and Nomizu [5] although we are
not following there choice of combinatorial factors in front of exterior product and derivative.
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Proof. Cf. Ref. [5, Proposition 1.3, p. 65],[4, Proposition V, p. 249].

It follows from the definition of λ and from the property (ii) of the connection
that horizontal lifts are invariant under right action of the group G on P . We
have

dRa(λX)u = (λX)ua. (4.42)

In particular horizontal lifts commute with fundamental fields

[λX,A∗] = 0 (4.43)

for all vector fields X on M and all A in g.

4.2.2 Exterior covariant derivative and the curvature form

For every differential p-form Φ on P one defines the operation of horizontal
projection H∗ defined as

(H ∗ Φ)(X1, ..., Xp) = Φ(H(X1), ...,H(Xp)). (4.44)

The formula above applies also to differential forms with values in some vector
space W . Differential forms which vanish when one of its vectors is vertical are
called horizontal. The forms H∗Φ are evidently horizontal, and every horizontal
form is of this form.

One then defines exterior covariant derivative DΦ as

DΦ = H∗ ◦ dΦ, (4.45)

where d stands for the exterior derivative. Explicitely, for a p-form Φ on P with
values in W :

(DΦ)(X1, ..., Xp+1) = (dΦ)(H∗(X1), ...,H∗(Xp+1)). (4.46)

In particular, if Φ is a 1-form, we have

(DΦ)(X,Y ) = H∗(X)(Φ(H∗(Y ))−H∗(Y )(Φ(H∗(X))− Φ([H∗(X), H∗(Y )]).
(4.47)

If Φ is vector-valued, all operations above are to be performed componentwise.
In particular the curvature 2-form Ω of the connection ω is defined as the

exterior covariant derivative of ω

Ω = Dω. (4.48)

The curvature is a 2-form on P with values in the Lie algebra vg with two
important properties. It is horizontal, that is Ω(X1, X2) vanishes if one of its
arguments is vertical, and it is equivariant of type Ad

Ω(dRaX, dRaY ) = Ad(a)−1Ω(X,Y ). (4.49)

For any two differential forms Φ,Ψ, with values in a Lie algebra one defines the
operation [Φ,
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Psi] (sometimes also denoted as [Φ ∧ Ψ]) as follows. If Ei is a basis in the Lie
algebra, and if Φ = ΦiEi, Ψ = ΨiEi, then

[Φ,Ψ] = Φi ∧Ψj [Ei, Ej ]. (4.50)

Proposition 4.2. The curvature Ω satisfies the following “structural equation”:

Ω = dω +
1

2
[ω, ω]. (4.51)

Proof. Cf. [4, Proposition XI, p. 258], [5, Theorem 3.2, p. 77]13.

The proof of the above Proposition is usually constructed by considering
separately horizontal and vertical vector fields. Let us take here two horizontal
vector fields on P , X and Y . From the definition (4.48) of Ω we have

Ω(X,Y ) = (dω)(H∗X,H∗Y ) = (dω)(X,Y ) = X(ω(Y ))− Y (ω(X))−ω([X,Y ]),
(4.52)

and since ω vanishes, by definition, on horizontal vectors we get

Ω(X,Y ) == −ω([X,Y ]). (4.53)

From this, using Eq. (4.40) we obtain

V ([X,Y ]) = −Ω(X,Y )∗, (4.54)

therefore, taking into account Eq. (4.41) we obtain, for any two vector fields
X,Y on M :

[λX, λY ] = λ([X,Y ])− Ω(λX, λY )∗. (4.55)
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