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1 Introduction

This note gives a short, self-contained account of fundamental symmetries on a Krein space K, that
is, of operators J that turn the indefinite scalar product of K into a genuine Hilbert space scalar
product. After recalling the basic definitions, we show that any two fundamental symmetries J, J’
satisfy: J is self-adjoint with respect to its own Hilbert space H; (Proposition ; the product
JJ' is bounded and positive on both H; and H ; (Proposition ; and, as a consequence, all the
Hilbert space norms || - ||7, J € J(K), are mutually equivalent (Corollary , so that “bounded
operator” is an unambiguous, J-independent notion on K.

The main part of the paper is devoted to parametrizing the set J(K) of all fundamental symme-
tries relative to a fixed reference symmetry Jy. We describe two classical, equivalent parametriza-
tions of this set (equivalently, of the maximal uniformly positive subspaces of K), following the
general framework of Bognar [2], Azizov and Iokhvidov [1], and Iohvidov, Krein and Langer [3]:

e an unbounded parametrization (Proposition , in which every J € J(K) corresponds to a
single arbitrary bounded operator B between the two eigenspaces of Jy, with the diagonal
blocks of .J recovered from B through the operator square roots (I+BB*)Y/? and (I+B*B)'/?;

e a bounded parametrization (Proposition [2.3) via the classical angular operator K, a strict
contraction (||K|| < 1) that represents the +1-eigenspace of J as a graph over the +1-
eigenspace of Jj.

We then make the relation between the two parametrizations explicit (Proposition [2.4)), recovering,
in particular, the formulas of Azizov and Iokhvidov [1, p. 29].

Let K be a vector space, finite or infinite dimensional, real or complex. We will denote by (-,-) a
nondegenerate sesquilinear form on IC. If K is real, then “sesquilinear” means “bilinear symmetric”.
If K is complex, we assume that (x,y) is antilinear in x, and linear in y.

Remark 1.1. In the literature the indefinite scalar product is often written as [z,y]. We will use
the notation (x,y) as it will cause no conflict with our other notation.

Definition 1.2. A linear operator J : K — K is called a fundamental symmetry if
(i) (Jx,y) = (x, Jy) for all x,y € K,
(ii) J? =1,

(iii) (z,y)s:= (=, Jy) is a Hilbert space scalar product on K.

We denote by J(K) the set of all fundamental symmetries on . We call (I, (+,-)) a Krein space
if the set J(K) of all fundamental symmetries has more than one element.



With condition (i), the condition (ii) can be equivalently written as

(Jz, Jy) = (2,y), (1.1)
for all x,y € K. In other words: J is an isometry.

If J € J(K), we denote by H; the space K endowed with the scalar product (x,y);, and by
||z|| s the corresponding norm:

2
Izl[7 = (z,2).
Condition (iii), written explicitly, means that

(z,Jz) >0 (1.2)

for all z in K, and that (x,Jx) = 0 if and only if x = 0. Moreover, H; is complete, in the sense
that any sequence (z,,) satisfying

lim ||z, — xm|ls =0
m,n—00

— a Cauchy sequence — has a limit = € K, such that

lim ||z, —z|; =0.
n—oo

We denote by L(H ;) the algebra of all bounded linear operators on H ;. For any A € L(H ) we
denote by A’ the adjoint of A defined by

(A2, )y = (z, Ay) ;. (1.3)
We recall now the Hellinger-Toeplitz theorem (see e.g. [4], §4.1]).

Theorem 1.3. If H,H' are Hilbert spaces and A : H — H', B : H' — H are linear maps satisfying
(Ar,2) = (z, B2)
forallz € H, z € H', then A and B are bounded.

The scalar product on the left is in H’, that on the right is in H.

If A= A7 we say that A is J-self-adjoint. The first important property of any J € J(K) is
that it is J-self-adjoint.

Proposition 1.4. For every J € J(K) we have: J € L(H;) and J’ = J.

Proof. We have (Jz,y); = (Jx,Jy) = (z,J%y) = (x,Jy)s. The conclusion follows then from the
Hellinger—Toeplitz theorem. O

Definition 1.5. If (H,(-,-)) is a Hilbert space (real or complex), we call an operator A € L(H)
positive if A is self-adjoint and (z, Az) > 0 for all x € H.

Proposition 1.6. If J,J' are in J(K), then JJ' is bounded positive (therefore self-adjoint) on both
Hy and Hyr.



Proof. We have
(@, JJ'y)g = (2, 2T 'y) = (x, J'y) = (J'&,y) = (J'z, Jy); = (JT z,y),
therefore, by the Hellinger—Toeplitz theorem, JJ' is bounded and self-adjoint on ;. Similarly
(2, JJy) gy = (x, ] TT'y) = (J'w, JJ'y) = (JJ'w, J'y) = (J T 2,y).,
therefore J.J' is bounded and self-adjoint on # ;. Furthermore
(x, JJ'x) 5 = (2, J'2) = ||z|% > 0.

Similarly
(x,JJ'2)y = (x,J JJ'2) = (J'x, JJ z) = ||J'=||% > 0.

Corollary 1.7. For any J,J' € J(K) the Hilbert space norms for Hy and Hj are equivalent.

Proof. By Proposition[1.6] J' = J - (JJ') is bounded on H;, and J = J'- (J'J) is bounded on H .
We have

215 = (2, J'2) = (Jo, JJ'2) = (Jo, J'w) s < | Jallsl| Tzl < 1] ]l2]5,
using ||Jz||; = ||z||;. Similarly, exchanging the roles of J and J,
(13 < 115
Together, these two inequalities show that || - || 7 and || - || are equivalent norms. O

Definition 1.8. It follows that for any two J, J’' € J(K) the algebras L(H ;) and L(H /) coincide.
We will use the notation L(KC) for this one algebra, and use the term bounded operator for elements
of L(K). For any T' € L(K) we denote by T its adjoint with respect to the Krein scalar product,
so that

(T*z,y) = (z,Ty), (x,y€K). (1.4)

For any J € J(K) we have then
A* = JA g, AT = JA* . (1.5)
Evidently J = J* and J = Ef — E;, where ES = (I +J)/2, Ef® = EX, EX" = B = E¥ are

K-orthogonal projections onto +1 eigenvalue subspaces of J.

2 Parametrization of J(K)

In order to obtain a parametrization of the space of fundamental symmetries we need to select an
“origin” Jy. Then the parametrization will be with respect to this fixed point. Once Jj is fixed, K
decomposes into a direct sum of two Hilbert spaces

K =Hi oHy, (2.1)



the eigenspaces of Jy corresponding to eigenvalues +1 and —1. Corresponding to this decomposition
any bounded operator on I will be written as a block matrix

A B
r=(c b)
with A € L(Hd), B € L(Hy,Hg), C € L(Hy , Hy ), D € L(Hy ). Every x € K can be written as

z = (i*) , (2.2)

(SU,y) = (erver)Jr - (xfay*)*a

with z4 € ’H(jf, and

(xvy)Jo = (x-i-a y+)+ + (‘T—u y—)—a
with the self-explaining notation.

To simplify the notation we will skip the subscript J in 7—[? and E?f Let now J be any
other fundamental symmetry, and let K = H+ @ H~ be the decomposition of IC with H* the two
eigensubspaces of J, and ET the corresponding K-orthogonal projections.

2.1 General form of J

Notation. In this section we will use the symbol * to denote Hilbert space adjoints for operators in
and between the Hilbert spaces ”H(J{ and H, , i.e. for the blocks A, B,C, D of the operators written
relative to the fixed reference decomposition K = Har DH,.

2.1.1 The unbounded parametrization

Let J € J(K). The condition (Jx,y) = (z, Jy) translates to (Jx, Joy)o = (x, JoJy)o, or
T*Jo = Jo.J. (2.3)

In what follows we will use one and the same symbol I to denote the identity operator in 7-[?):.
Writing Jy and J in block matrix form:

Jo = (é _OI> L U= @ g) , (2.4)

A=A*D=D*C=-B" (2.5)

J = <_é* g) . (2.6)

The additional condition J? = I results in

the condition ([2.3)) entails

Thus J is of the form

A’=1+BB*, D?=I+B*B, AB+BD=0. (2.7)
The requirement that the scalar product (z,y); = (x, Jy) = (z, JoJy)o be positive-definite entails

(u, Au) + (u, Bv) + (v, B*u) — (v, Dv) > 0 (2.8)



for all u € HE{, v € H, , and the result is zero if and only if v = 0 and v = 0. In particular, setting
v =0 we obtain A > 0, while setting u = 0 leads to D < 0. Thus, from (2.7 we find that:

A= (I+BB")z2, D=—(I+B*B)z. (2.9)
Thus )
g (I+BB): B ). (2.10)
—B*  —(I+B*B)?

Remark 2.1. In the following we will often use, without further mention, the identities X f(X*X) =
FIXX*HX and X*f(XX*) = f(X*X)X*, valid for any real analytic function f and any bounded
operator X. The identity follows from the evident X (X*X)" = (XX*)"X, for any integer n =
0,1,2,....

Using this identity with X = B and f(t) = (1 + t)'/2, one checks that A, D given by
automatically satisfy the off-diagonal relation AB+ BD =0 in , so that this relation imposes
no further restriction on B.

The condition ({2.8]) reads now

(u,(I + BB*)2u) + (u, Bv) + (v, B*u) + (v, (I + B*B)zv) > 0, (2.11)
or
((I + BB*)1u, (I + BB*)1u) + (u, Bv) + (v, B*u) + (I + B*B)iv, (I + B*B)iv) > 0. (2.12)
Since (I + B*B) and (I + BB*) are invertible, setting v = (I + BB*)~/44, v = (I + B*B)~ /3,
the condition can equivalently be written (dropping the tildes) as
fu,v) = (u,u) + (v, 0)

2.13
+ (u, (I + BB*)™Y4B(I + B*B)™Y4%) + (v, (I + B*B)"Y4*B*(I + BB*)™"/*u) > 0 (2.13)

for all u € Hd, v € Hy . To ensure positive-definiteness we must show that f(u,v) > 0 for all u,v
with |lu|| = [jv]| = 1.

We have
(I + BB*)"Y4B(I + B*B)™'/* = B(I + B*B)™'/2,
therefore, for ||v|| =1,
B 2
(I + BB*)"Y*B(I + B*B)"Y%|?> = (v, B*B(I + B*B) 'v) < 1|J’r||L’2 <L

The same estimate holds with u in place of v, so, denoting by X = (I + BB*)~Y4B(I + B*B)~'/4
the operator above, || X|| < 1, and by the Cauchy—Schwarz inequality

Flu,0) 2 [ul® + ol = 21X [Jull [lo]l = 2(1 — | X]) > 0
whenever ||u|| = ||v]| = 1. This proves that (2.8) holds, with equality only for u = v = 0, for every
choice of B € L(Hy ,Hg ): no restriction on the norm of B is required. We have thus proved:
Proposition 2.2 (Unbounded parametrization). Let Jy € J(K) be fized, with associated decom-
position K = He & Hy . For every B € L(Hy , Ha) the operator
J. . (U+BB)? B
B = _B* —(I—|—B*B)1/2

belongs to J(K). Conversely, every J € J(K) is of the form J = Jp for a unique B € L(Hy , Hg)-
In particular Jy = Jo corresponds to B = 0.



2.1.2 The bounded parametrization

Every vector z € H™ can be uniquely written, using the notation of (2.2)), as

_ (U +
Z(Ku) uwe H, (2.14)

where K € L(H{,Hy ). The operator K is known as the angular operator associated to H* (see
e.g. [I, Ch. 1.8], [2, Ch. I1.11]). The vectors in H~ — thus perpendicular to H* — are then of the

form
w= (va) . veH;. (2.15)

We observe, for later use, that
1K = ||E*], and | K*K|| = | KK*[| = || K] (2.16)

Since HT @ H™ = K, every = = (?_’ ) should be representable in the form
z\ [ u K*v
()= ()= (), a1

(I -K'Ku=xzy — K'z_,
(I-KK*Yw=z_—Kz,.

which leads to

As these equations should have a solution for any (z4,z_), the operators I — KK* and I — K*K
must be invertible, which requires

| K| < 1. (2.18)

Then
u=1I—-K'K) (zy - K*z_), (2.19)
v=(I-KK") ' (2_ - Kzy). (2.20)

Conversely, given any K € L(Hg,Hy) with ||[K|| < 1, the subspaces H* = {(;¢,) : v € Hg} and
H = {(K;”) :v € Hg } are (-, -)-orthogonal and satisfy H' @& H~ = K; the operator J equal to +1
on HT™ and —1 on H~ is then a fundamental symmetry. We record this parametrization as follows.

Proposition 2.3 (Bounded parametrization). Let Jy € J(K) be fized, with associated decomposi-
tion K = H§ ®Hy . For every J € J(K) there is a unique angular operator K = Kj € L(H{, Hy ),
with |K|| < 1, such that the +1-eigenspace of J is H* = {(;¢,) : v € Hg}. Conversely, every
contraction K € L(H{, Hy ) with |[K|| < 1 arises this way from a unique J € J(K). In particular
Jo corresponds to K = 0.

2.1.3 Relation between the bounded and unbounded parametrization

The action of J on x, represented as in (2.17)), amounts to reversing the sign of v. Thus, in
particular,
(Jz)y =u— K*v,



where u and v are given by (2.19)), (2.20). We obtain
(Jz)y =(I - K'K)'zy — (I - K*K) 'K*z_
~K*I-KK* '2_ + K*(I - KK*) 'Kz,
I+ K*K e
= mx+—2(I—K K) IK T—,

using the identity of the Remark above to combine the two middle terms. Since, on the other hand,
we have (Jz)y = Axy + Bx_, we immediately get

B=-2(I-K'K)'K* (2.21)

We also see that A = (I + K*K)(I — K*K)~1, but this follows anyhow from and (2.9). The
result is in agreement with the formulas in [II, p. 29].

One way to get the inverse formula, expressing K in terms of B, is by solving the eigenvalue
equation Jzr = x, with x = (4, ) and J given as in (2.10). We obtain, in particular, Cu + DKu =
Ku, or Cu= (I — D)Ku. Since I — D = I + (I + B*B)"/? is (boundedly) invertible, it follows that

-1
K=(I-D)'C=— (I +(I+ B*B)1/2> B,

which can also be obtained by solving Eq. (2.21]) for K. We summarize this relation as follows.

Proposition 2.4 (Relation between the two parametrizations). With Jo, Hy as above, let J €
J(K) correspond to B € L(Hy ,Hg) under the unbounded parametrization of Proposition and
to K € L(Hg,Hy ), |IK|| <1, under the bounded parametrization of Proposition . Then

-1
B=-2(-K'K)\K*, K=-— (1 F(I+ B*B)1/2> B*, (2.22)
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