Polar decomposition

Arkadiusz Jadczyk

July 15, 2026

1 Partial isometries and polar decomposition

Throughout this section, H and H' are two Hilbert spaces, both real or complex, of arbitrary
(finite or infinite) dimension. We denote by L(H,H’) the space of bounded linear maps from H
to H'. In the complex case, we denote by L%(H,H’) the space of all bounded antilinear maps. If
T € L*(H,H'), the adjoint T™ is in L*(H',H), and is defined by the condition

(y, Tz) = (,T*y), zeH,yeH. (1.1)

In all cases (real or complex, linear or antilinear), 7T is positive self-adjoint in L(H), and TT* is
positive self-adjoint in L(H').

1.1 Partial isometries

With T € L(H,H') or T € L*(H,H'), let Ker(T) = {x € H : Tx = 0} denote the kernel of T
Then Ker(T) is a closed subspace of H. Its orthogonal complement Ker(T)" is called the initial
subspace of T, denoted ini(T'), while the closure T(#) of the range T(H) of T is called the final
subspace of T, denoted fin(T"). The orthogonal projection onto the initial (resp. final) subspace is

called the initial projection, or support, resp. final projection.
Proposition 1.1. The initial (resp. final) subspace of T is equal to the final (resp. initial) subspace
of T™*.

The following proof, adapted from [I, Proposition 4, Ch. V.41], applies verbatim also to the

antilinear case.

Proof. Let M = ini(T), N' = fin(T). The orthogonal complement N+ of N consists of all y € H’
such that (y,Tz) = 0 for all x € H. By the definition of T* this is equivalent to (T*y,x) = 0 for
all z € H, thus to y € Ker(T*). Therefore N'* = Ker(T*), and so A is the initial subspace of T*.
Since T is the adjoint of 1™, T' = T™*, the final subspace of T™* is the initial subspace of T O

Definition 1.2. Let U € L(H,H') or U € L*(H,H'). U is called a partial isometry if [|[Ux| = ||z||
for all x in the initial subspace of U.

If U is a partial isometry, the range of U is automatically a closed subspace, and U is an isometry
from ini(U) onto fin(U).

Proposition 1.3. Let U € L(H,H') or U € L*(H,H') be a partial isometry, and let E (resp. F)
be the orthogonal projection onto its initial (resp. final) subspace. Then

(i) U* is a partial isometry with initial projection F and final projection E,



(i) U*U = E and UU* = F.

Proof. The proof is exactly the same in the linear and antilinear case. Notice that if U is antilinear,
then U* is also antilinear, while U*U and UU™* are linear. Since (i) follows from (ii), we prove (ii).
Let M be the initial subspace of U, with initial projection E. Its orthogonal complement, M",
is Ker(U). The final subspace of U* is M, so U*U, restricted to M, can be considered as an
endomorphism of M. For z € M we have (z,U*Uzx) = (Uz,Ux) = (x,z), because U is a partial
isometry. It follows that U*U|xq = Ipg. On the other hand U*U| 1 = 0, since M+ = Ker(U). It
follows that U*U = E. Reversing the roles of U and U* we obtain UU* = F. O

1.2 Polar decomposition

Proposition 1.4. Let H and H' be two Hilbert spaces, both real or complex, and let T be in
L(H,H') orin L*(H,H'). Then T admits a representation

T =UP, (1.2)

where U is a partial isometry, linear if T is linear, and antilinear if T is antilinear, and P is
a self-adjoint positive operator in L(H). The transformation U can be found so that Ker(U) =
Ker(P), and with this condition the representation is unique, with P = |T|. We call it the polar
decomposition of T. If T = U|T| is the polar decomposition of T, then the polar decomposition of
T* is

T =U*(U|T|U"). (1.3)

The proof below, adapted from [3, p. 366] and [4, p. 68], works in the real and complex case,
for linear and antilinear maps.

Proof. We set P = |T'|. For every x € H we have
|IT2|* = (Tz, Tx) = (2, T"Tx) = (z,|T]’x) = (|T|z,|T|z) = || T]«|?, (1.4)

hence T and |T'| have the same kernel and the same support. Notice that, since |T'| is self-adjoint,
its support coincides with |T'|H. We can now define Uy on |T'|H by

Uo|T |z =Tx. (1.5)

From (L.4)), Up is well defined since |T|z = 0 implies Tz = 0, and also Up is an isometry. As
such, it extends uniquely to the closure |T'|H. The extended transformation is still an isometry.
We extend it further to the whole H by setting it to zero on WJ—. This defines U, which is a
partial isometry with initial subspace |T|H = Ker(T)*, linear if T is linear, and antilinear if 7" is
antilinear. We have T' = U|T'| by construction. Moreover Ker(U) = Ker(T') = Ker(|T|). Suppose

now we have another decomposition T' = U;T, with T positive, and U; a partial isometry with
Ker(U;) = Ker(T'). Then

T*T = TUULTY = T T4,

because the initial projection U;U; of U; is equal to the support of 77, which is the same as
Ty (H), since T} is self-adjoint. From the uniqueness of the positive square root it then follows
that 71 = |T|, therefore U; = U, since U; is uniquely defined on its support by the requirement

T = Uy|T|. Finally, if T' = U|T| is the polar decomposition of 7', then

T* = |T|U* = (U*U)|T|U* = U*(U|T|U*).



The operator 71 = U|T|U* is self-adjoint positive, and
T = UIT|*U* = TT*,
thus 77 = |T*|. Now
Ker(U*) = (UH)* = (TH)* = Ker(T*) = Ker(|T*|),
which completes the proof. ]

Remark 1.5. Another possible uniqueness requirement (see [2, 3.11, p. 248]) is that the initial
subspace of U is Ker(T)*, and the final subspace of U is T'(H).
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