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1 Setup

Let A be a bounded self-adjoint operator on a real or complex Hilbert space H. Denote by
E4:B(R) — P(H)

the spectral measure of A, where B(R) is the Borel g-algebra on R and P(#) denotes the orthogonal

projections on H. Let By(R) be the algebra of bounded real Borel functions g : R — R.

2 Borel Functional Calculus

We recall the standard version of the Borel functional calculus for bounded self-adjoint operators.

Proposition 2.1 (Borel functional calculus). There ezists a unique map
®y:By(R) — L(H), g+ g(A),
called the Borel functional calculus of A, such that the following properties hold:
e Normalization. 1(A) = I and id(A) = A, where id(\) = .
e Linearity. For all g,h € By(R) and o, 5 € R,
(ag + Bh)(A) = arg(A) + B h(A).
e Multiplicativity. For all g,h € By(R),

(gh)(A) = g(A) h(A).

e Adjoint compatibility. For all g € By(R),
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e Bounded convergence compatibility. If (gn) is a uniformly bounded sequence in By(R) such
that gn(\) — g(A) for every X\ € R, then

gn(A)u — g(A)u  for every u € H.

Moreover, for every Borel set A C R, EA(A) commutes with every bounded linear (in the
complex case also anti-linear) operator commuting with A. Additionlly we have

Ea(A) = xa(4),
where xa denotes the characteristic function of A.

In fact it is enough to consider only the spectrum o(A) C R instead of the whole R.

3 Functoriality of the Functional Calculus

We now state precisely what is meant by the functoriality of the Borel functional calculus.

Proposition 3.1 (Functoriality). Let f : R — R be a bounded real Borel function, and let f(A) be
defined via the Borel functional calculus. Then for every g € By(R),

9(f(4)) = (g0 f)(4).

Proof. Define
U(g):=g(f(4), ge€B(R)
Since f(A) is bounded self-adjoint, ¥ is the Borel functional calculus associated with the operator

f(A), and therefore it satisfies all the properties listed in Proposition 2.1.
Now define N
U(g) == (g0 f)(4),  g€BR).
Because composition with the fixed Borel map f preserves linear combinations, products, com-
plex conjugation, and bounded pointwise convergence, the map W also satisfies the same defining

properties of a Borel functional calculus for the operator f(A).
Indeed,

U(id) = (id o )(4) = f(4),
and \Ti(l) = I. By the uniqueness part of the Borel functional calculus for f(A), one must have
¥ = U. Hence

9(f(4)) = (g° N)(A)

for every bounded Borel function g. O

4 Pushforward of Spectral Measures

We can now state and prove the pushforward formula for spectral measures under a Borel function.

Proposition 4.1 (Pushforward spectral measure). Let f : R — R be a bounded Borel function.
Then the spectral measure of f(A) is the pushforward of the spectral measure of A by f, namely

Era)(A) =Ea (f71(A)) for every Borel set A C R,

where

Ay ={AeR: f(\) AL



Proof. For every Borel set A C R,

Era(A) = xa(f(A))

by the definition of the spectral measure of the self-adjoint operator f(A).
Using Proposition 3.1 with g = xa, one obtains

xa(f(4)) = (xao f)(A).

Next, observe the elementary pointwise identity

xa(f(N) = xp-1a)(A), A€eR,

which simply expresses that
feA — ref A

Equivalently,
xa o f=xr1a)
Substituting this into the functional calculus gives

xa(f(A)) = (xa o /)(A) = xp-1(a)(A).

By the defining relation for the spectral measure of A,

X-1a)(A) = Ea(f7H(A)).

Thus
Epay(A) = Ea(fH(A)),
for all Borel sets A C R, as claimed. O
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